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The ground state of the bilayer Kitaev model with the Heisenberg-type interlayer exchange inter-
action is investigated by means of the exact diagonalization. Calculating the ground-state energy,
local quantity defined on each plaquette, and dynamical spin structure factor, we obtain results
suggesting the existence of a quantum phase transition between the Kitaev quantum spin liquid
(QSL) and dimer singlet states when the interlayer coupling is antiferromagnetic. On the other
hand, increasing the ferromagnetic interlayer coupling, there exists no singularity in the physical
quantities, suggesting that the S = 1/2 Kitaev QSL state realized in each layer adiabatically con-
nects to another QSL state realized in the S = 1 Kitaev model. Thermodynamic properties are also
studied by means of the thermal pure quantum state method.
I. INTRODUCTION
Recently, quantum spin liquid (QSL), which is an ex-
otic magnetic state with no long-range order even at zero
temperature, has attracted much interest in modern con-
densed matter physics [1]. One of the celebrated exam-
ples is a ground state of the one-dimensional quantum
spin Heisenberg model, where the gap formation reflects
the topological nature of spins [2, 3]; low-energy excita-
tions are gapless for the half-integer spins and gapped for
the integer spins. These interesting ground-state proper-
ties have been examined numerically [4, 5]. Furthermore,
its qualitative difference has been discussed by studying
the interpolating models such as the double spin S = 1/2
chains coupled by the ferromagnetic exchange interac-
tion [6, 7]. In the system, the introduction of the inter-
chain interaction immediately induces the gapped state.
This implies that the gapless QSL state possesses an
instability against the perturbations, while the gapped
state is more stable.
Another interesting example is the QSL state in the
two-dimensional Kitaev model with three kinds of bond-
dependent Ising interactions for S = 1/2 spins [8]. It
is known that this model is exactly solvable and spin
degrees of freedom are decoupled to itinerant Majorana
fermions and Z2 fluxes. Although elementary excitations
are gapless, there exists a gap in the spin excitations
with short-range spin correlations [9, 10]. Therefore, this
gapless QSL state should be stable, in contrast to the
QSL state in one dimension. So far, the stability of the
QSL in the S = 1/2 Kitaev model has been examined in
the presence of perturbations such as magnetic field [11–
13], Heisenberg interactions [14–18], inverse of the spin-
orbit coupling [19] and interlayer couplings [20–22].
In addition to the S = 1/2 Kitaev model, its general-
izations to arbitrary spin amplitudes S have also short-
ranged spin correlations, suggesting gapped spin excita-
tions [23]. However, less is known for the generalized
spin-S Kitaev models, particularly for their spin excita-
tion spectra. In our previous paper [24], the S = 1 Kitaev
model has been considered and it has been clarified the
presence of low energy excitations from the ground state
and two energy scales observed separately in the thermo-
dynamic quantities. These results naively expect that the
generalized Kitaev model has common magnetic proper-
ties. On the other hand, it has been reported that, in
the anisotropic Kitaev model with one of the three kinds
of bonds being large, the effective Hamiltonian depends
on the parity of 2S; its ground state is quantum (classi-
cal) for half-integer (integer) spins [25]. Therefore, it is
instructive to clarify the connection between these differ-
ent spin sectors in the QSL states of the isotropic Kitaev
model.
In our paper, we consider the bilayer Kitaev model
with the Heisenberg-type interlayer exchange interac-
tions [20]. When the interlayer ferromagnetic exchange
interactions are large enough, the system is reduced to
the S = 1 Kitaev model [24]. Therefore, this bilayer
model has an advantage in discussing how the QSL state
for the S = 1/2 Kitaev model is connected to that for
the S = 1 Kitaev model. By using numerical techniques,
we study the bilayer Kitaev model to discuss the essence
of the ground state properties in the generalized Kitaev
model [23–26].
The paper is organized as follows. In Sec. II, we in-
troduce the bilayer Kitaev model and derive the effec-
tive model in the strong ferromagnetic interlayer coupling
limit. In Sec. III, we study the ground-state properties by
means of the exact diagonalization. Calculating thermo-
dynamic quantities by means of the thermal pure quan-
tum (TPQ) state method [27, 28], we discuss a double
peak structure in the specific heat characteristic of the
Kitaev model. A summary is given in the final section.
II. MODEL AND METHODS
We consider here the bilayer Kitaev model [20], where
two monolayer Kitaev models are coupled by the Heisen-
berg interactions. The Hamiltonian is described as,
H = −JK
∑
〈ij〉α,n
Sαi,nS
α
j,n + JH
∑
i
Si,1 · Si,2, (1)
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2where Sαi,n is the α(= x, y, z) component of the S = 1/2
operator at the ith site on the n(= 1, 2)th layer. The
inplane bond-dependent Ising-type interaction JK(> 0)
is defined on the three kinds of bonds such as x-, y-, and
z-bonds linking nearest neighbor sites. JH is the Heisen-
berg interlayer coupling. The model is schematically
shown in Fig. 1(a). In the paper, we mainly study ground
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FIG. 1. (a) Bilayer Kitaev model on the honeycomb lattice.
Red, blue, and green lines represent x-, y-, and z-bonds, and
black lines interlayer bonds with the Heisenberg interactions.
(b) Top view of the bilayer Kitaev model with the definition
of index of plaquette, p, associated with dimer sites, p1–p6.
(c) Finite size clusters used in the ED calculations.
state properties in the bilayer Kitaev model with ferro-
magnetic interlayer Heisenberg interactions JH < 0, and
some results with antiferromagnetic interactions JH > 0
are shown for comparison.
What is the most important is that this bilayer Ki-
taev model is reduced to the interesting models in cer-
tain limits. When JH = 0, two layers are decoupled and
the system is represented by two exactly solvable mono-
layer Kitaev models. It is known that, in the monolayer
model, a QSL state is realized at zero temperature, where
the fractionalization of quantum spins yields gapless Ma-
jorana excitations and gapful spin excitations. On the
other hand, in the case JH → −∞, the spin triplet state
is realized at each site. In the case, the effective Hamilto-
nian is shown to be described by the S = 1 Kitaev model
as
Heff = −Jeff
∑
〈ij〉α
S˜αi S˜
α
j , (2)
where Jeff = JK/2 and S˜
α
i is the α component of the S =
1 operator at the ith site. It is clarified that its ground
state is nonmagnetic [23], and its excitation is suggested
to be gapless [24]. Furthermore, it has been clarified
that the double peak structure appears in the specific
heat [24, 26]. In the paper, we systematically examine
the bilayer Kitaev model to clarify how the nonmagnetic
states for the S = 1/2 and S = 1 Kitaev models are
connected to each other.
We briefly comment on the conserved quantities in the
bilayer Kitaev model [20]. We consider the following op-
erator defined on a certain plaquette p, as
Xp = Wp1Wp2, (3)
Wpn = σ
x
p1,nσ
y
p2,nσ
z
p3,nσ
x
p4,nσ
y
p5,nσ
z
p6,n, (4)
where σαpi,n is the α component of the Pauli matrix at
the i(= 1, 2, 3, 4, 5, 6)th site on the plaquette p in the
nth layer [see Fig. 1(b)]. We note that Wpn defined on
the nth layer is a local conserved quantity for the mono-
layer Kitaev model [8]. The operator Xp for each pla-
quette p commutes with the bilayer Hamiltonian Eq. (1),
which guarantees no long range magnetic order in the
system [20]. Given that X2p = 1, Xp is confirmed to
be a Z2 conserved quantity. In addition, there exists a
global parity symmetry for the number of local singlets
and triplets on the sites in the bilayer system [20]. The
corresponding parity operators are
PS = exp
[
ipi
∑
i
|si〉〈si|
]
, (5)
PTα = exp
[
ipi
∑
i
|tαi 〉〈tαi |
]
, (6)
where |si〉 and |tαi 〉 are singlet and α(= x, y, z) triplet
states on the ith dimer site. Since the operators
H, Xp, PS , and PTα commute with each other, the
subspace of the Hamiltonian should be specified by
S[{ptα}, {xp}], where ptα(= ±1) and xp(= ±1) are the
eigenvalues of PTα and Xp, respectively. Note that the
eigenvalue of PS is uniquely determined by {ptα} and the
number of dimer sites, N .
The original Hamiltonian is explicitly represented by
the set of smaller matrices defined in the subspace
S[{ptα}, {xp}], which enables us to perform the exact
diagonalization (ED) with the finite size clusters up to
24 sites. When we consider several clusters shown in
Fig. 1(c), the ground state written by |Φ0〉 always be-
longs to the subspace S[{pαt = 1}, {xp = 1}] and is non-
degenerate when JH 6= 0. We then evaluate the static
quantities E0(= 〈H〉) and 〈Wpn〉 to study quantum phase
transitions in the system. To discuss the spin excitation
in the system, we also calculate the dynamical spin struc-
ture factor, which is defined as
Sαβn (q, ω) = −
1
pi
Im〈Φ0|Sα−qn
1
ω+ + E0 −HS
β
qn|Φ0〉,(7)
Sαqn =
1√
N
∑
i
Sαine
iq·ri , (8)
where ω+ = ω + iδ
+. The quantity can be evaluated by
3the continued fraction expansion [29, 30] as,
Sαβn (q, ω) =
〈Φ0|Sα−qnSβqn|Φ0〉
ω+ − a1 − b
2
2
ω+ − a2 − b
2
3
ω+ − · · ·
, (9)
where ai and bi are the ith diagonal and off-diagonal ele-
ments of the Hamiltonian tridiagonalized by the Lanc-
zos method with the initial vector Sαqn |Φ0〉. Here,
Sαβn (q, ω) (α 6= β) are zero due to the existence of the
local conserved quantity in the system.
We also study finite temperature properties to clarify
how unique features in the generalized Kitaev models,
namely, double peak structure in the specific heat and
the plateau in the entropy at ln(2S + 1)/2, appear in
the bilayer Kitaev model. To this end, we make use of
the TPQ state method [27, 28], which is one of the pow-
erful methods to evaluate thermodynamic quantities in
the system. In the calculations, we prepare more than 10
random vectors for the initial states, and thermodynamic
quantities are deduced by averaging the values generated
by these states.
III. RESULTS
First, we start with the ground state properties of the
bilayer Kitaev model. Figure 2(a) shows the ground en-
ergy E0 as a function of λ(= JH/JK) obtained by the ex-
act diagonalizations for several clusters. When λ > 0.2,
the present results are in a good agreement with the re-
sults obtained by the dimer expansion [20], meaning that
the dimer singlet state is realized in the region. On the
other hand, increasing the ferromagnetic interlayer cou-
pling, the ground state energy approaches that for the
S = 1 Kitaev model E/N = JH/4−0.65Jeff , as shown in
Fig. 2(a). We note that the system size dependence ap-
pears around λ = 0, which is clearly shown in the inset of
Fig. 2(a). Since ground state properties for a finite clus-
ter are sensitive to the low lying excitations, this finite
size effect may suggest that the gapless QSL state is sta-
ble even for finite λ. To examine this, we also show the
second-order derivative of E0 in Fig. 2(b). In the positive
λ region, we find that the peak structure around λ ∼ 0.05
develops with increasing N . This strongly suggests the
existence of the quantum phase transition. On the other
hand, in the negative λ region, we could not find such a
clear signature in the curves although a broad and small
peak is found around λ ∼ −0.1. Therefore, the results
suggest the absence of quantum phase transition in the
negative λ case.
Figure 3 shows the expectation value of 〈Wpn〉. This
is a conserved quantity in the monolayer Kitaev model
and thereby Wpn = 1 for λ = 0. In the bilayer Kitaev
model, the quantity is no longer conserved, but it should
be appropriate to discuss how the QSL state realized in
monolayer Kitaev model survives by the introduction of
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FIG. 2. (a) Ground energy per dimer as a function of λ in
the bilayer Kitaev model. The dashed-dotted line represents
analytically calculated ground energy of the Kitaev model.
(b) Second-order differential of the ground energy per dimer.
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FIG. 3. Expectation value of Wpn as a function of λ in the
bilayer Kitaev model.
the interlayer coupling. We find the rapid change around
λ ∼ 0.06, suggesting the existence of the quantum phase
transition, as discussed above. On the other hand, in the
negative λ region, this quantity smoothly changes. In
the λ → −∞ limit, 〈Wpn〉 ∼ 0.2. This implies that the
QSL state in the monolayer Kitaev model is adiabatically
connected to the QSL state in the S = 1 Kitaev model.
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FIG. 4. Dynamical spin structure factor lnSn(q = 0, ω) for
the N = 18 system with δ+/JK = 10
−2. The dashed line is
the energy gap ∆ = E[S1]− E0 (see text).
To study ground state properties in more detail, we
focus on spin excitations in the system. We calcu-
late the dynamical spin structure factor S(q = 0, ω) =∑
α S
αα
n (q = 0, ω) for the bilayer Kitaev model with
N = 16 and 18. Since their qualitative difference could
not be found, we show in Fig. 4 the dynamical structure
factor for the N = 18 system. It is found that it takes
a large value in the low energy region. Namely, the gap
magnitude for the monolayer model λ = 0 is twice larger
than the exact result [10] due to the finite size effect. An
important point is that the sudden change in the spin
structure factor appears around λ ∼ 0.05. This strongly
suggests the existence of the quantum phase transition.
Since the spin gap is proportional to the exchange cou-
pling JH in the dimer state (λ > 0.05), linear behavior
appears in the peak position of the quantity. On the
other hand, no clear singularity appears in the lowest en-
ergy excitations in the negative λ region, in contrast to
the positive case. This means that the crossover occurs
between two QSL states at λ = 0 and λ = −∞. To
understand this spin excitation in the negative λ region,
we also evaluate the ground-state energy in the subspace
S1 where Xp = −1 for the adjacent two plaquttes p and
Xp′ = +1 for the other plaquettes p
′. The energy gap
∆ = E[S1] − E0 is shown as the dashed line in Fig. 4.
We find that the obtained energy gap is consistent with
the lower edge of the low-energy peak in the dynamical
structure factor. Note that this behavior is similar to
that in the S = 1/2 case [10], where the sharp peak at
low temperatures appear slightly above the flux gap. We
have also confirmed that the low-energy spin excitation
at λ → −∞ coincides with that of the S = 1 Kitaev
model in the 18-site cluster. The results suggest that the
decoupled Kitaev QSL state realized in each layer adia-
batically connects to the QSL state realized in the S = 1
Kitaev model.
Next, we discuss thermodynamic properties in the bi-
layer Kitaev model. It is known that, in the monolayer
Kitaev model, the double peak structure results from the
spin fractionalization in the specific heat. Similar dou-
ble peak structure has also been found in the S = 1
Kitaev model and the plateau at S = 1/2 ln 3 appears
in the entropy curve. Now, we discuss how these dou-
ble peak structures are connected to each other. By us-
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FIG. 5. The specific heat per dimer C/N , for (a) λ ≥
0 and (b) λ ≤ 0 region, respectively, as a function of the
temperature for the N = 16 cluster. Shaded areas are the
possible errors estimated by the standard deviation of the
results calculated by 10 TPQ states. The data for S = 1/2
and S = 1 are obtained from the Monte Carlo simulations
with N = 800 sites [31, 32] and the TPQ state method with
N = 18 sites [24].
ing the TPQ state method starting from, at least, ten
initial vectors, we deduce the thermodynamic quantities
at finite temperatures. Figure 5 shows the temperature
dependent specific heat and entropy per dimer. When
λ = 0, the system is reduced to the decoupled mono-
layer Kitaev models. In the case, the double-peak struc-
ture appears around T/JK ∼ 0.02 and 0.5 in the specific
heat and the plateau structure at S = ln 2 in the en-
tropy curve. This is consistent with the Monte Carlo
data [31, 32] although finite size effects appears at low
temperatures (T/JK < 0.1). As the interlayer inter-
action is introduced, the specific heat increases at in-
termediate temperatures 0.1 . T/JK . 0.5. This im-
5plies that the plateau region at S/N = ln 2 smears in
the entropy curve. In fact, we could not find such a
plateau when JH/JK . −0.5. On the other hand, the
double peak structure in the specific heat still appears
even when λ . −0.5. This yields another plateau around
T/JK ∼ 0.08 in the entropy curve. An important point is
that, at low temperatures T/JK . 0.08, the entropy data
with λ < −0.5 are almost identical. This means that low
energy magnetic properties should be described by the
S = 1 Kitaev model Eq. (2). Further decreasing λ in-
duces another plateau in the entropy S/N ∼ ln 3. When
λ = −10, this plateau is clearly seen around T/JK ∼ 0.2,
and the corresponding peak in the specific heat appears
at a relatively higher temperature T/JK ∼ 5. This char-
acteristic temperature should be scaled by the exchange
coupling JH . Therefore, this peak indicates the forma-
tion of the spin triplet states, which is consistent with the
fact that the corresponding entropy ln 4− ln 3 is released
with decreasing temperatures.
IV. SUMMARY
In summary, we have investigated the ground-state and
finite-temperature properties of the bilayer Kitaev model
using the exact diagonalization up to the 24 dimer sites.
The obtained results for the ground-state properties—
the ground-state energy, local quantity defined on each
plaquette, and dynamical spin structure factor—suggest
that a quantum phase transition occurs between the Ki-
taev QSL and dimer singlet states when the interlayer
coupling is antiferromagnetic. We would like to note
that this is in agreement with our previous paper. On
the other hand, the results for the ferromagnetic inter-
layer coupling indicate that the S = 1/2 and S = 1
Kitaev QSL states adiabatically connect to one another.
In addition, we have discussed the thermodynamic quan-
tities using the TPQ state method. The double-peak
structure in the specific heat, which is intrinsic to the
S = 1/2 Kitaev QSL state, is confirmed to be sustained
in the crossover region between the two types of Kitaev
QSL states. The present results are expected to stimulate
studies on generalized spin-S Kitaev physics.
ACKNOWLEDGMENTS
Parts of the numerical calculations were performed
in the supercomputing systems in ISSP, the University
of Tokyo. This work was supported by Grant-in-Aid
for Scientific Research from JSPS, KAKENHI Grant
Nos. JP18K04678, JP17K05536 (A.K.), JP16K17747,
JP16H02206, JP18H04223 (J.N.).
[1] P. W. Anderson, Mater. Res. Bull. 8, 153 (1973).
[2] F. D. M. Haldane, Phys. Rev. Lett. 50, 1153 (1983).
[3] F. D. M. Haldane, Phys. Lett. A 93, 464 (1983).
[4] M. P. Nightingale and H. W. J. Blo¨te, Phys. Rev. B 33,
659 (1986).
[5] S. R. White, Phys. Rev. Lett. 69, 2863 (1992).
[6] K. Hida, J. Phys. Soc. Jpn. 60, 1347 (1991).
[7] H. Watanabe, K. Nomura, and S. Takada, J. Phys. Soc.
Jpn. 62, 2845 (1993).
[8] A. Kitaev, Ann. Phys. (N. Y.) 321, 2 (2006).
[9] G. Baskaran, S. Mandal, and R. Shankar, Phys. Rev.
Lett. 98, 247201 (2007).
[10] J. Knolle, D. L. Kovrizhin, J. T. Chalker, and R. Moess-
ner, Phys. Rev. Lett. 112, 207203 (2014).
[11] H.-C. Jiang, Z.-C. Gu, X.-L. Qi, and S. Trebst, Phys.
Rev. B 83, 245104 (2011).
[12] R. Yadav, N. A. Bogdanov, V. M. Katukuri, S. Nishi-
moto, J. van den Brink, and L. Hozoi, Sci. Rep. 6, 37925
(2016).
[13] J. Nasu, Y. Kato, Y. Kamiya, and Y. Motome, Phys.
Rev. B 98, 060416 (2018).
[14] J. c. v. Chaloupka, G. Jackeli, and G. Khaliullin, Phys.
Rev. Lett. 105, 027204 (2010).
[15] J. c. v. Chaloupka, G. Jackeli, and G. Khaliullin, Phys.
Rev. Lett. 110, 097204 (2013).
[16] V. M. Katukuri, S. Nishimoto, V. Yushankhai, A. Stoy-
anova, H. Kandpal, S. Choi, R. Coldea, I. Rousochatza-
kis, L. Hozoi, and J. van den Brink, New J. Phys. 16,
013056 (2014).
[17] Y. Yamaji, Y. Nomura, M. Kurita, R. Arita, and
M. Imada, Phys. Rev. Lett. 113, 107201 (2014).
[18] Y. Yamaji, T. Suzuki, T. Yamada, S.-i. Suga,
N. Kawashima, and M. Imada, Phys. Rev. B 93, 174425
(2016).
[19] A. Koga, S. Nakauchi, and J. Nasu, Phys. Rev. B 97,
094427 (2018).
[20] H. Tomishige, J. Nasu, and A. Koga, Phys. Rev. B 97,
094403 (2018).
[21] A. Koga, H. Tomishige, and J. Nasu, J. Supercond. Nov.
Magn. (2018), 10.1007/s10948-018-4891-5.
[22] U. F. Seifert, J. Gritsch, E. Wagner, D. G. Joshi,
W. Brenig, M. Vojta, and K. P. Schmidt, Phys. Rev.
B 98, 155101 (2018).
[23] G. Baskaran, D. Sen, and R. Shankar, Phys. Rev. B 78,
115116 (2008).
[24] A. Koga, H. Tomishige, and J. Nasu, J. Phys. Soc. Jpn.
87, 063703 (2018).
[25] T. Minakawa, J. Nasu, and A. Koga, 1811.05668 (2018).
[26] J. Oitmaa, A. Koga, and R. R. P. Singh, Phys. Rev. B
98, 214404 (2018).
[27] S. Sugiura and A. Shimizu, Phys. Rev. Lett. 108, 240401
(2012).
[28] S. Sugiura and A. Shimizu, Phys. Rev. Lett. 111, 010401
(2013).
[29] E. Dagotto, Rev. Mod. Phys. 66, 763 (1994).
[30] E. Gagliano and C. Balseiro, Phys. Rev. Lett. 59, 2999
(1987).
[31] J. Nasu, M. Udagawa, and Y. Motome, Phys. Rev. B
92, 115122 (2015).
6[32] J. Nasu, J. Yoshitake, and Y. Motome, Phys. Rev. Lett.
119, 127204 (2017).
